C'^-ROBUST TRANSITIVITY FOR SURFACES WITH 

BOUNDARY 
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Abstract. We prove that C^-robustly transitive difTcomorphisms on surfaces 
with boundary do not exist, and we exhibit a class of difleomorphisms of sur- 
faces with boundary which are C''— robustly transitive, with k > 2. This 
class of diffeomorphisms are examples where a version of Palis' conjecture on 
surfaces with boundary, about homoclinic tangencies and uniform hyperbol- 
icity, does not hold in the C^— topology. This follows showing that blow- 
up of pseudo-Anosov diffeomorphisms on surfaces without boundary, become 
C^— robustly topologically mixing diffeomorphisms on a surfaces with bound- 
ary 



1. Introduction 

A difFeomorphism on a compact manifold M is said C'^— robustly transitive if ev- 
ery diffeomorphism in a C*^— neighborhood of it has a dense orbit in M, for fc > 1. 
The description of these systems is an important challenge: on one hand, being 
robust, they can not be ignored in any global picture of dynamical systems; on 
the other hand, they often exhibit a chaotic dynamical behavior. Typical models 
showing robust properties for boundaryless compact manifolds are the well known 
Anosov maps, which are uniformly hyperbolic in the whole manifold. In the case of 
surfaces without boundary, the complete picture is described in the C^— topology, 
by the result of Marie, in [7|, which states that any C^— robust transitive diffeomor- 
phisms is Anosov. 

Surprising new results appear when one considers manifolds with boundary. It 
was shown by MacKay in [6] , that a steady mixing (even Bernoulli) smooth volume- 
preserving vector field in a bounded container in M'^ with smooth no-slip boundary 
exists in a robust way: any (conservative) C^— perturbation keeps the same prop- 
erties. In particular, the flows introduced in f6] are C'^— robustly transitive. 

Let us call by a surface with boundary a compact orientable riemaniann surface 
with boundary, and denote it by {S,dS). The boundary is dS and consists in a 
finite union of disjoint closed smooth curves. The genus of {S, dS) is the genus of 
the surface obtained by collapsing each boundary component of S into a point. Let 
us denote by Diff '^{S, dS) the set of diffeomorphisms of class C*^ defined on a given 
surface with boundary S. Main theorem in this paper is the following. 

Theorem 1. For any surface with boundary (S*, dS) with genus larger than zero, the 
set of -robustly transitive diffeomorphisms is not empty. If the genus of{S,dS) 
is zero and dS has at least four connected components, the same result is true. 
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It is remarkable that we cannot obtain a similar result for the C^— topology. In 
fact, here we prove the following theorem. 

Theorem 2. Given a surface with boundary {S,dS) the set of — robustly tran- 
sitive diffeomorphisms in Diff (S, dS) is empty. 

Examples on Theorem [T] are constructed through a blow-up procedure of some 
fixed points of a Thurston's pseudo-Anosov map defined on a particular boundary- 
less surface (see Theorem [3|). On the other hand, Thurston's pseudo-Anosov maps 
exist with any prescribed set of singularities, except for the case of the sphere, where 
some topological obstruction appear. For the case of the sphere with boundary, if 
the number of connected components of dS is larger than four, this obstruction 
vanishes. 

1.1. Blow-up of pseudo-Anosov maps. Let Sq be a surface without boundary. 
Following Thurston's definition (see [H], [3], [J), a homeomorphism f : Sq ^ Sq 
is a pseudo-Anosov map if there is a finite set Sing(/) C Sq such that / is C°° in 
Sq \ Sing(/), there are two two measured foliations (J^*, /ig) and (.F", which are 
/-invariant, and such foliations are transversal each other in 5*0 \Sing(/). Moreover, 
/ preserve a natural absolutely continuous measure /i = /i^ x whose density is 
C°° except at singular points, and / is Bernoulli with respect to this measure. Also, 
there is a number A > 1 such that: 

f*i^J,s) = (l/A)Ats and /*(/i„) = A^„, 

where /* (v) is the push- forward of the measure v restricted to the corresponding 
foliation. The number A is called the dilatation of / and log(A) is precisely its 
topological entropy. Any point in Sing(/) is a p-prong singularity for some p > 1, 
and is contained in Fix(/), the set of fixed points of /. These singular points are 
not hyperbolic, except for p = 2. However, any periodic point of / which is not a 
singular point is hyperbolic. 

A blow-up of surface at a point x is, roughly speaking, the construction of a new 
surface from the given one, replacing only one chart at x by another at some circle 
at the boundary. This replacement is done using a polar change of coordinates, 
and can be performed successively on a finite number of different points. There is a 
correspondence between several objects {e.g. vector fields, maps) of a surface and 
its blow-up. This is precised in Lemma [T] of Section [3l 

Definition 1. Let Sq be a surface without boundary, let fo '. Sq Sq be a pseudo- 
Anosov map, and let B be a finite subset of Sq that Sing{fQ) <Z B <Z Fixlfa). 
A blow-up of a pseudo-Anosov map is the map f G Diff °° (S, dS) , obtained after 
blowing-up every point in B . 

In Section [3] we shall prove the following Theorem: 

Theorem 3. Any blow-up of a pseudo-Anosov map is C^~robustly transitive. 

In the classical work [3j, Fathi, Laudembach and Poenaru prove that there exist 
transitive pseudo-Anosov maps with only one singular point, on any surface without 
boundary of genus g > 1. On the torus, any Anosov map is pseudo-Anosov. In 
[8], Masur and Smillie established that the existence of pseudo-Anosov maps in a 
boundaryless surface Sq is strongly related to the existence of quadratic differentials 
on the surface. In fact, they guarantee their existence on every orientable surface 
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without boundary with any prescribed set of singularities, if the number of prongs, 
at each singular point, satisfy certain relation with the genus of the surface. For 
our purposes, we can understate such theorem in the following way: 

Theorem 4 (Masur-Smillie). // a finite set {{xi^pi) G5oxN|l<*<fc} satisfy 
that: 

(1) ^(K-2)=4(,g-l), 

i=i 

then there is a pseudo-Anosov homeomorphism f : Sq —i- Sq with orientahle stable 
foliation, such that Sing{f) = and, for i = l,...,k, the number of 

prongs at Xi is pi . 

Notice that 2-prong singularities correspond to hyperbolic fixed points, and if 
Pi = 2 for some indexes, they does not affect the left side of the equation ([T|). On 
the other hand, given a surface S of genus g > 1 and m > 1 connected components 
of dS, Theorem 2] guarantees the existence of a pseudo-Anosov map on a surface 
without boundary of genus g, with enough fixed points to rebuild the boundary 
after several blow-ups. Therefore, Theorem [1] follows directly from Theorem [31 

The topological obstruction for the case of the sphere is that any pseudo-Anosov 
map on the sphere exhibits at least four 1-prong singularities. Examples of these 
maps can be obtained from a linear Anosov map of the torus, identifying the sphere 
with the quotient space of the torus by the involution. Observe also that, for g — 0, 
the simplest configuration to obtain ([1]) is with four points with pi = I. If we include 
some other points with p > 3, it has to be compensated by several 1-prongs. 

There is a general definition of a pseudo-Anosov map on surfaces with boundary. 
In fact, it is well established that this definition has to allow that the diffeomor- 
phism is Morse-Smale restricted to the boundary, and not the identity map, as first 
stated in [3] (see |4]). Recall that a map of a one dimensional compact manifold 
(may not be connected) is Morse-Smale if the Limit set consist only of a finite 
number of hyperbolic periodic points. However, for our purposes, it is not clear 
that we can find adequate smooth charts of a general pseudo-Anosov map around 
the boundaries. 

Given a hyperbolic periodic point q, denote the homoclinic class of q by: 

Hg^{p£ Per(/) I W%p) n Wig) ^ and W^"(p) n W'{q) 0}, 

where W'^{p) and W'^{p) are the stable and unstable manifolds of a hyperbolic 
periodic point. If a diffeomorphism / on a compact manifold has a periodic point 
whose homoclinic class is dense in the whole space, then it is topologically mixing; 
that is, for any pair of not empty open sets A and B there exist an integer to > 
such that for any n > m holds that f"{A) n S 7^ 0. If this happens for any g in 
a C*^— neighborhood of /, it is said that / is C''— robustly topologically mixing. 
Related to that, we prove the following. 

Theorem 5. If g £ Diff^{S,dS) is C^~close to a blow-up of a pseudo-Anosov 
map, then there is a hyperbolic periodic point of g whose homoclinic class is dense 
in S. 

All these results suggest that these systems may be C^— structurally stable, 
however, some work has to be done to prove or disprove it. Finally, it is natural 
to wonder if a blow-up of a pseudo-Anosov map have a unique physical measure. 
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It is worth to mention that hypcrbohcity, by itself, is not sufficient to understand 
global robust properties in the context of surfaces with boundary. In fact, there 
are no Anosov maps on surfaces with non empty boundary. Besides that, it is not 
known if there are examples of C'^— robust systems which are not robust in the 
C^— topology, on surfaces without boundary. 

1.2. Version of Palis' conjecture for surfaces with boundary. From another 
point of view, the characterization of robust dynamics provide a conceptual scheme 
that helps to describe the dynamical behavior of the generic dynamical system. 
From this perspective, in the early 80's, Palis conjectured for boundaryless surfaces 
the following (see, for instance, [9]): 

Conjecture (Palis). Given k > 1, every -diffeomorphism of a compact sur- 
face without boundary can he approximated, in the C^— topology, by one which is 
hyperbolic or by one exhibiting a homoclinic tangency. 

Recall that a homoclinic tangency between two hyperbolic periodic points p and 
g is a point z € W'{p) n W^{q), and where this intersection is not transversal. In 
[TO] , this conjecture is proved to be true in the C^— topology, for both cases: with 
or without boundary. In this paper we obtain that this conjecture is false when 
is formulated for compact surfaces with not empty boundary, in the C^— topology. 
This is a consequence of Theoremll] and follows immediately from the next theorem: 

Theorem 6. If g & DifJ^{S,dS) is C^— close to a blow-up of a pseudo-Anosov 
map, then g is not hyperbolic and it do not exhibit homoclinic tangencies between 
periodic points. 

In this direction, a blow-up of a pseudo-Anosov map can be suspended into 
a non-singular flows in certain three dimensional manifolds with boundary. These 
flows are counter-examples for the natural generalization of Palis' conjecture to non- 
singular flows on 3— manifolds with boundary, in the C^— topology. Even though, it 
is proved in [ij a positive statement of this conjecture, in the C"'^— topology, which 
includes flows with singularities. 

Corollary 1. There are examples of smooth flows without singularities, defined 
on three dimensional manifolds with boundary, which are not approximated, in the 
C^ — topology, by neither hyperbolic ones nor ones exhibiting a homoclinic tangency. 

1.3. About the proofs of Theorem [2] and [3l Topological rigidity of the bound- 
ary is one of the key facts that allows us to prove robust transitivity for blow-up of 
pseudo-Anosov maps. In fact, we found that these maps have a non-uniformly hy- 
perbolic structure that persists under C^— perturbations. This property is related 
to the notion of hyperbolic cone structure for boundary maps defined in Section 
13. 2[ and provides also good estimates on the growth of lengths of curves inside 
certain cone-fields, when they are close to the boundary. In order to prove that 
any small C^— perturbation of these maps are transitive, we mix this last property 
with some robust properties, in the C^— topology, which are valid only outside of 
a neighborhood of the boundary. As we shall show, these maps inherit a stable 
and unstable transversal foliations at any point of the surface. However, the an- 
gle between them is not bounded away from zero. Nevertheless, this structure is 
not preserved for C^— perturbations. In fact, a small C^-perturbation can create 
a tangency and therefore either a periodic sink or repeller, see [2]. This argument 
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is the key to prove Theorem [71 In Section [2] we give a proof of a more general 
statement: any non-trivial robustly invariant sets can not intersect the boundary 
of the surface, otherwise it is possible to create a sink or a source by an arbitrarily 
small C^— perturbation of the original map. 

1.4. Acknowledgment. We thank Adolfo Guillot for helpful conversations in the 
preparation of this paper. First author was partially supported by CONACyT 
grant 58354 and PAPIIT-UNAM grant IN102307. 

2. C^-ROBUSTLY TRANSITIVE SETS 

The proof of Theorem [2] relies on a more general concept of robust transitivity 
focused not in the whole space but on maximal invariant sets of a diffeomorphism. 
Let {S,dS) be a surface, / e DiS ^{S,dS), and let U be an open subset of S. 
Assume that Af{U) = r\nGi,f^{U) ^ is a compact transitive invariant set of /. 
We say that the set Af{U) is a -robustly transitive set if there is an C-'^-open 
neighborhood A" of /, such that for any g & Af the set Ag{U) — nnez5"(^) ^ 
transitive compact invariant set of g. 

Theorem 7. Let A be a C^ — robust transitive set that A n dS 0, then A is a 
hyperbolic fixed point in the boundary. 

Proof. Let us assume that A is not a single point and that A n dS ^ 0. Let B be 
connected component of the boundary that intersect A. Observe that generically 
/|b is Morse Smale systems, so, from the fact that we assume that A is not reduced 
to a point, it follows that A n (5 \ dS) ^ 0. Moreover, there are two saddle-type 
fixed point p, q'm. S accumulated by A. We assume that C -B, W^ici) C B 

and that there is a saddle connection between these two points inside B. Let us 
denote by 7 the arc inside B given by 7 := n W^{(\) and observe that 

the extremal points of this arc are given by p and q. Notice that also holds that 
C (5 \ dS) and C (S* \ dS). From the fact that we are deahng in 

the C^— topology, we can assume that A is a homoclinic class and there exists a 
periodic point p such that n Wip) ^ and W^*(g) n W^{p) ^ 0. Therefore, 

there are points in the homoclinic class of q accumulating on 7 and so, it follows 
that the angle between the stable manifold and the unstable manifold of q at those 
points goes to zero. From that, using an argument as the one given in [2 , it follows 
that by a perturbation it is created either a sink or a repeller. Hence, A is a 
hyperbolic fixed point in the boundary. □ 

Theorem 8. Let A be a non trivial C^ — robust transitive set. Then, it follows that 
A is hyperbolic and A n dS — 0. 

Proof. Let A be non trivial C^— robust transitive set. Theorem [7] implies that 
A n dS — 0. Therefore, we are reduced to the case of boundaryless surfaces, where 
it is well known that C^-robustly-transitive sets are hyperbolic. □ 

3. C^-ROBUST PROPERTIES OF BOUNDARY MAPS 

In this section we give a proof of Theorem[3]and therefore, we conclude Theorem 
[1] To prove this Theorem we need to define the blow-up of a a pseudo-Anosov map, 
introduce the notion of boundary maps and study carefully the local model of this 
maps in a neighborhood of a component of the boundary. Denote the circle by S^. 
The following lemma is the key to construct a blow-up of a pseudo-Anosov map. 
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Lemma 1. Let So be a smooth surface, and a Cz Sq. Let fo : So ~^ So be a pseudo- 
Anosov map on So that a G Sing(fo) U Fix{fo)- There is a surface S with boundary 
and a map f G Diff^{S,dS) that is C°° — conjugated to fo in Sq \ {c}, and there 
is a chart around dS where f has the following expression: 



Proof. Let 5*0 be a smooth surface and let a €z So- Consider an atlas of So, that is, 
a collection of charts {([/ C 5*0, : U ^ M^)}, such that the change of coordinates, 
say ijj o are C°°. Take a chart {Ua, (j)a) at a. The blow-up over the point a is 
the topological space S = {So \ {c}) U S^, provided with a new atlas formed by all 
charts of So on points of So \ {c}, and, an additional chart {U*,(j)*), obtained by 
the expression of (f)^ in polar coordinates {x,y), where x is the angle and y is the 
lenght. Notice that S" is a smooth surface with boundary. 

Now let fo be a pseudo-Anosov map on 5*0 and assume that a £ Sing(/o) U 
Fix(/o), with p > 1 prongs. Recall that if p = 2, the point a is hyperbolic. The 
unstable prongs landing at a, in a small neighborhood, determine p radial sectors, 
Fi, . . . , Fp, which we can assume are fixed by /. Denote by Br{0, 0) C R^, the ball 
of radius r > around the origin. There is a C°°— chart cj) : U ^ Br{0, 0) C M^, for 
some r > and for some neighborhood U of ct, (see [4], for instance). In this chart 
the map f\rinu, for i G {1, . . .p} can be written, in polar coordinates, as equation 
([2]). Notice that this map extends to a C°° map to the line [y = 0]. It is easy to 
see that it induces a diffeomorphism / G Diff°°(5, dS). □ 

The topology of the surface S is independent of the choice of x. In particular, the 
genus of S is the same of So- Moreover, the surface S obtained is equivalent to the 
one obtained as the connected sum of the original surface and a real projective space 
of dimension 2, and then cutting along the unique not nuU-homotopic curve of the 
projective space. This curve corresponds to the new connected component of the 
boundary of S- In this way, any surface S of genus g and with m > 1 components 
of the boundary can be obtained from boundaryless surface So of genus g after a 
finite number of blow-ups on different points {xi, . . . , Xm} C 5*0. 

3.1. Cone-fields. Let E he a. two-dimensional real vector space. A half-cone C is 
a proper subset {0} ^ C C E such that: C + C C C; t • C C C, for any t > 0; 
and C n (— C) = {0}. A (complete) cone is C U (— C), for a given half-cone C. 
A standard way to measure the angle between two vectors v,w G E is with the 
interior product: 



Let {ei, 62} be the canonical basis of E. Given a non-zero vector v = (wi, ^2) S E, 
the angle between v and ei can be computed in terms of the slope of v, that is: 
sl(u) — V2/V1. In fact, Z(D,ei) = arctan(sl(z;)). In the same way, sl^(ti) = fi/w2 
measures the angle between v and 62- 

Let / be a pseudo-Anosov map on a surface without boundary So of genus g > 0- 
By definition, stable and unstable foliations of / have a finite number of common 
p-pronged singularities with p > 1. Let x be a singular point or a hyperbolic fixed 
point of /. There is an integer number Pa: > 1 of leaves of J^" landing on x and the 
same number of leaves of , as depicted in figure [TJ 
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Figure 1. A p-prong singularity of JF" and with p — 1,2 and 3. 

In [4] is proved that there are two invariant cone-fields in So \ Sing(/), along 
and J-"^ respectively, defined by: 

K^^'{a-x)={veT^S\A{v,T^T^^')<a}, 

for some < a < 1, and these cones satisfies that: 

DfK'^{x) C K'^{f{x)) and Df-^K'{x) C K'^(f-^{x)). 

If Wo is a neighborhood of Sing(/), there is A > 1 such that for any point x e 
So \ Wo we have that: \Dfx{v)\ > A|w|, for any w e i4r"(a,a;) and |-D/ar^(w)| > A|u|, 
for any v e K^{a, x). Moreover, there is C > such that for any x G 5o \ Wo we 
have that: 

Z{K'{x),K''{x)) > C. 
If the angle between the stable and unstable cones are bounded away from zero, 
there is a C^-neighborhood A/i of / such that the same cones • ) are invariant 

under Dg, and expanded and contracted by the same constant A > 1, for any 

Lemma 2. Any maximal invariant set of g Cz Mi contained m 5 \ Wo is uniformly 
hyperbolic. Moreover, it is contained in the homoclinic class of certain hyperbolic 
periodic point. 

Proof. The bound on the angle follows from the fact that 5 \ Wo is a compact set 
and the fact that the foliations JF" and JF* are transversal in 5 \ Wq. Uniform 
hyperbolicity for such a set is obtained by standard arguments. □ 

3.2. Local model around the boundary. In this section we shall focus on a fam- 
ily of maps of the cylinder = x [0, r) C M^, for some r > 0, that corresponds 
to the blow-up of a pseudo-Anosov map at a singular point, in a neighborhood of a 
component of the boundary. In particular, we are interested in the existence of input 
and output sections which intersects any orbit that accumulates on such boundary 
component, and in the existence of two invariant cone-fields for C^— perturbations 
of the transition map between these sections. 

Let i?+ and R~ be two open and disjoint open sets of Cr and let T : i?+ 
be a piecewise smooth map. We say that T has a hyperbolic cone structure if there 
are numbers 0<Q;o<a<l,(T>l, and there are two continuous conc-ficlds in 
i?+ Ui?~, say C"(a;x) and C^{a;x), such that: 

• C"(a;x) n C'{a;x) = {0}, for any x e R+UR-; 
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Figure 2. Boundary map of degree 3. 



• Wx£R+ we have that i?^T(C"(a; x)) C C"(ao;r(x)), and 

\D^T{v)\ > a\v\, for all v G C"(a;x); 

• \/x e R- we have that D.^T{C''{a;x)) C C {an;T-\x)), and 

\D^T-\v)\ > a\vl for aU v e C'ia;x). 

It is not difhcult to see that if a map T has a hyperbolic cone structure then any 
smooth curve 7 : [0, 1] — > i?+ such that 7'(t) G C"(a;7(t)) for all then we have 
that iTo 7I > cr|7|, where I7I denotes its length. 

Let us introduce the definition of boundary map, which summarizes the geo- 
metric and analytic description of the properties we are interested in. A geometric 
description of a boundary map is depicted in figure [21 

Definition 2. Let r > 0, and let F : Cr — > Cr be a ^ dijfeomorphism. F is a 
boundary map of degree p>lif, under a smooth change of coordinates, the map F 
satisfies the following properties: 

(1) The set of fixed points of F is {(ttj/p, 0) \ < j < 2p}, and each one is a 
hyperbolic saddle. 

(2) The map i^|six{o} *s Morse-Smale, and each stable or unstable manifold 
not contained in x {0} is contained in a line ij = (vrj/p, •), for some 
< J < 2p. 

(3) There are real numbers < r_ < r+ < r and ej > 0, for < j < 2p, such 
that, for each < i < p, the following sets: 

, /2jTT 2jn \ 

RJ = ( — - e2j, — + £2^1 X [r_,r+) \ £3^, 

/(27 + l)7r (27 + l)7r \ , , „ 

satis fiy that: for any x G R^ := IJ Rf there is a well defined first positive 
integer h{x) such that F"'^^\x) G R~ := {jRj ■ 

(4) The map T := F^^^\x) has a hyperbolic cone structure. 
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Proposition!. Letp > I be an integer number and let X > I. IfG^Diff^{Ci,S^) 
is C^— close enough to the map: 

(3) y) = ^ arctan(A2 tan(p2;/2)), ^^^^(P^/'^ l _^ sin^(px/2)^ , 

then G is a boundary map of degree p. 

In order to obtain a proof for Proposition [1] we need to prove several lemmas. 
Without lost of generality, we will assume p = 2; similar calculations can be per- 
formed for other p > 1. 

Let A > 1. The first observation is that the map in ([3|) is the time-one map 
of a smooth flow coming from a linear one on the plane after we perform a polar 
blow up at the origin. Let us consider the linear flow L*-{u,v) ~ (A^*m, A*w), for 
t G R, and consider the right side of the plane R^. The horizontal foliation and the 
vertical foliations are invariant under the first one contracted and the second 
expanded. Moreover, given > 0, there is < p < 1 such that, for any a < ag 
the cone-field: 

(4) C(a;(u,t;))-^ Isl-^HI <a}, 

is invariant by that is, DL*{C{a; {u,v))-^) C C(jO*a; L*('u, w))-'-, for any (u, w) £ 
and any t>0. And the cone-field C(a; {u,v)) = {w: |sl('u;)| < a}, satisfies that 
DL^^{C{a] C C{p^a]L~'\u,v)), for any e R^ and any i > 0. 

Then we perform a polar blow-up of i* at the origin. This procedure gives us 
flow in (— 7r/2,7r/2) x (0, r] with the following expression: 

F^{x,y) = ^arctan(A^* tan(a;)), y^ A^^t cos'^{x) + A^* sin^(a;)^ , 

that can be extended to a C°°— flow in [— 7r/2, 7r/2] x [0, r]. In order to simplify the 
notation below, let us rewrite F^(x,y) = (h{x,t),ye{x,t)). 

Both invariant foliations of L* are transformed into two invariant foliations which 
are tangent to the vectors: 

(5) cr'"(a;, y) = (cos(x), y sin(a;)) a.nd {x , y) = {— sin{x) , y cos{x)) . 

These two vector fields are obtained by y D^^i(^^ y^B^ei), for i = 2, 1, respectively, 
where B{u, v) — {x, y) — (arctan(i'/u), ^/v? + v^) is the polar change of coordinates. 
In the same fashion, the cones C{a; •)^ and C(a; •) are transformed into another 
couple of DF'— invariant cone-fields, say and K'^ , respectively. 
It is important to notice that for any fixed x ^ Q we have that: 

(6) limZK(a;,y),a^(x,y)) = 0. 

Hence the angle between the cones K"^ and K'^ is not bounded from below. However, 
for any y > the limit in ([6]) is 7r/2 when a; — > 0. 

Lemma 3. Let U be a neighborhood of the origin. For any /i > there is pL^ > Q 
such that if y > /ix^ and {x,y) G U, we have that 

Z{cr"-{x,y),cr'(x,y)) > 

Proof. Let us consider new coordinates {w, s) in the plane given by B{w, s) = 
{w,sw) and whose inverse is B~^[x,y) — {x,y/x). In this coordinates the flow _F* 
induces a new flow given by H*{w, s) — B^^ o F* o B{w, s), for t £ R. This flow 
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has the following expression: 

The flow can be extended to the line [w = 0], by I'Hopital rule. In fact, the 
limit 

w f dh(w, t) 
um — = — 

w=a h(w, t) \ aw 

is well defined since h{w,t) is C°° in w. Of course, it is needed only that ft, is C^, 
to obtain a resulting flow of class C^. This procedure do not make any change in 
the dynamics of the linear flow yl* first considered; we have only added one more 
line [w — 0] to the space. 

Again, there are two invariant foliations of i?*, tangent to the vector fields: 

a"{w,s) = (tu cos(u'), — s cos(u') + sw sin(u')), 

a'^iw, s) = (— w sin(u'), s sin(w) + sw cos(w)), 

which come from and cr", as in ([5]). The angle between these two cone fields, in 
a region where w is close to zero, has the following expression: 

(7) Zia^iw,s),a^{w,s))^^ + Oiw% 

Is 

Hence, if s > ^w for some /i > then the angle in ([7]) is bounded from below by 
(2/i)~^. That is, the angle is bounded from below for points above a line of slope /i 
through the origin, and tends to zero below such a line. Notice that, in coordinates 
{x,y), condition that s > ^w is that y > ^x^. Hence, there is some /x* > such 
that satisfies the Lemma. □ 




Observe that we can translate the cone-fields K^''^ into two cone-fields in the 
{w, s)-plane. These cone-fields are preserved by any C^— perturbation of H. More- 
over, any C^— perturbation of H comes from a C^— perturbation of F, and vicev- 
ersa. So, mixing this property with the fact that above some fixed y > the angle 
between and A'** is bounded from below, we obtain the following Corollary: 

Corollary 2. Let /i > 0, if G £ Diff^{Ci,S^) is a map C^~close enough to the 
map F , then if x is small and y > then 

D^,,^y^G{K^^{-,ix,y))) C K^-,G{x,y)), 

and the analogous property for the stable cone-field K'^ . 

The map F can be C°°— linearized at the origin, even that the eigenvalues of 
DqF are ressonant. This linearization is given by '^(x,y) ~ (tan(a;), y cos(a;)) and 
^{u,v) = (arctan(M), v^/l + u^). Denote by 

Lq{u, v) = DoF{u, v) = {X^u, X-^v). 

If G is C^— close enough to F, then there is a neighborhood Ug of the origin where 
G is C^— linearizable. In fact, Hartman proved a Theorem about C^— linearization 
of hyperbolic saddles, in any dimension, with some geometric restriction on the 
eigenvalues (see O pag. 235]). Although the existence of a C^— linearizing neigh- 
borhood, in general, depends on the nature of the resonance of the eigenvalues (see 
[TT] , for instance) , the case of the plane is special and Hartman's result guarantees 
that any hyperbolic saddle in the plane is C^— linearizable. 
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Consider the partition of the interval (0, 7r/2) by intervals of the form (xn, Xn+i] 
induced by the sequence Xn = ft.(arctan(A~^), n), for n E Z. Notice that tan(a;„) = 
\2n-i^ for any n. The derivative of F at any point z = {x, y) has the form: 



D.F 



—F F 



h'{x) 
ye'{x) e{x) 



where h{x) 



h{x, 1) and e{x) = e{x, 1). So, we can state the following Lemma. 

M is a map which is C'^ — close to F, then 



Lemma 4. If G = {Gi,G2) : M 
there is number A > 1 such that: 

(1) 1 < ^Gi|^ < A2, for z G (0,io) X R+; 

(2) 1/A2< ^Gi|^<l, /or ze(io,7r/2)x K+; 

(3) 1/A < ^G2[ < A, for z € [0,7r/2] x K+; 

(4) The function ^g^G2 has a unique critical point in [0, tt/2] at some point 
close to xq, and this point is a maximum. 

Proof. Denote by a;o = arctan(l/A) e (0, 7r/2). An easy computation gives all 
inequalities for F itself, that is: (1) 1 < h'{x) < A^ for x € (0, xq); (2) l/A^ < 
h'{x) < 1 for a; e (xo,7r/2); (3) 1/A < e{x) < A for a; G [0,7r/2]; and (4) the 
point a;o is the unique critical point of e'{x) and is a global maximum. Since G, 
in particular, is C^— close to F, it is easy to sec that inequalities (l)-(3) hold for 
G too. Notice that (4) is not true for G^— perturbations. However, since G to be 
G^— close to F we have that, for z = {x,y), 



□ 



d^G2 


d^F2 






d^G2 


-e'{x) 

Z 


dydx 


^ dydx 


z 




dydx 



is uniformly small, so the unique maximum of e'(x) is preserved. 



Lemma 5. Let G be map which is C^ — close to F , and let U — Ug be a G^~linear- 
ization neighborhood of G. Then there are N < —1 and Y > 0, such that the 
rectangle R = [0,xn] x [0,Y] c Uq, and there is X = minlliPoGI, A} > 1, such 
that: 

(1) IfzeR\ F{R), Fi{z) e R for all j e {1, . . . ,m}, and F"'+'^{z) ^ R, and 
if m is large enough then 

Km := DGrr.^z)mzG"'{K^-, z)+)] 

is contained in the positive quadrant. Moreover, there is a positive constant 
c, close to 1, such that for any v G Km we have that 



sl{v) > r]{m) := cYX 



2N-m-4 



- 0X 



-3m 



> 0. 



(2) If z — (x, y) G (xAr_i, xat] X [0, 1], we have that G [xq, Xi\ x [0, 1], 

and sl{v) > 0, for every v G D^G^^^+^Km)- 

Proof. Let i7 be a small open neighborhood of the origin, contained in the neigh- 
borhood of G^— linearization of F, and consider F > and A'' < — 1 such that 
the rectangle R = [0,a;jv] x [0,Y] is contained in U. There is /? > such that, if 
ze R\ F{R) then 

£»,$(i^"(-;^))cG(/3;$(^)), 
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where C(/3; $(z)) ~ {v \ |sl(t;)| < /3}. On the other hand, the map Lq is hnear, so 
for any (u, v) and n > we have that: 

Hence, if F^z) G R, for all j e {1, . . . , m} and to > 1, we have that: 
(8) z))] C C(A-3™/?; <i>(i^"(z))). 

Take a point 2; = (x, y) € R\F{R) that F-^^z) € -R, for j g {0, . . . to} and assume 
i^'"+i(z) ^ R. Denote by = F™{z). This implies that < i < x^r, and 

hence tan(a;) G [A-^^^-^, A^^~^]. On the other hand, there is a constant c > 0, close 
to 1, such that y > cX^^Y, since the unstable foliation of F is C^— close to the 
horizontal in this neighborhood. Therefore, y > cX~"^~^Y . If we write w — y), 
then Km is a cone around the vector e — D^'^^ii) — cos(i)(cos(i), sin(i)), and 
the slope sl(e) = ?/tan(i) > cFA-^-^^^-^ > 0. 

Now take any v e C Dp..(^^)'^[C{p\-^"'; $(^"(2)))+], then ^ imply that 

sl(t;) > sl(e) - /3A-3" = cFA^"-"-'' - /JA-^". 

So, if TO > 1 is large enough, we obtain item (1) for F. Let G be a map which is 
C^— close to F, and let Uq be a C^— linearization neighborhood. If < — 1 and Y 
satisfy that R C Uq, the previous estimates gives a proof of item (1) for such a G. 

In order to get item (2), we have to guarantee that the iterates of the cone 
remain on the positive quadrant, in the following |A^| iterations, until the point 
reaches the subset (x_i,xo] x [0, 1]. For this, bounds for partial derivatives of F, 
up to second order, given in Lemma [H are the key. 

Recall that the point {x,y) = F™(z) and take any vector {vi,V2) G Km- So, 
F{x, y) G (a; AT, xjv+i] x [0, 1]. If we let 

{wi,W2) = Di^,:i.^y)F{vi,V2) = [h'(x)vi,ye'{x)vi +e(x)w2), 

we can bound sl(u'i,W2), away from zero. For this we use that sl(fi,W2) > 0, for 
any v G Km, and min{e(2;)} > A~^. Moreover, since xjv-i < x, then 

< ye'{xN^i) < ye'{x). 

Hence, we have: 

ye'(i)ui + e(i)w2 ^ min{2;e'(£) + e(x)(u2/wi)} . sl(wi,W2) ^ „ 
^^^"^^'"'^^ = - max{fe-(x)} - -^r- > 

We can repeat this computation |iV| + 1 times, until we reach the last interval 
{xq,xi\, proving that 

s\{D(,,y)F\^\+\v)) > A-3(l^l+i)sl(«) > 0, 

for any vector v G Km- Notice that xn-i < xi, also. This gives the proof of item 
(2) for F. Finally, Lemma [H allows us to extend this bounds for the perturbation 
G. In fact we obtain that 

slp(S^5)Gl^l + l(«)) > X-^m + l)^^YX^N-m-i _ ^^-3m) > 

for any v G Km- D 

Now we can give a proof of Proposition [T] 

Proof of Proposition [II Let A > 1 and p > 1. The map F : Coo Coo defined 
in ([3]) is a diffeomorphism with 2p hyperbolic fixed points on the boundary. 
These periodic points have their stable and unstable manifolds contained in x {0} 




Figure 3. Transitions through the boundary 



coincide alternately. We shall restrict to the region bounded by P± — (±7r/p, 0), 
that is [P- , P+] X M. Inside this region there is another hyperbolic fixed point 
Po = (0,0). We can compute easily the derivative of F at these points: 

Dp„F ^ (Dp^F)-' ^ (^^^ ^^_,y 

In particular, F is Morse-Smale restricted to the boundary of Coo- Since the map F 
is symmetric with respect to the line [a; = 0], we shall focus only on [0, P+] x [0, 1], 
see figure [3l 

In the following we will consider the case p ~ 2 which simplifies the notation; a 
similar argument can be performed by other p > 1. Consider G € Diff ^(Ci,S^) 
which is C^— close to the map F, with p = 2, that satisfies all previous Lemmas. 
Let e_ and r+ be three small positive numbers and consider two regions: 

R+ = R+{e+,r+) = [0, e+] x [\-\+,r+) 
i?' = i?-(e-,r+) = [7r/2-e_,7r/2] x [\-\+,r+), 
In order to prove that the map G is a boundary map of degree 2, we need to choose 
these numbers adequately such that the transition map T : i?+ — + , defined 
as T{x,y) := F"{x,y), for n — n{x,y) > 1 that G"'{x,y) £ i?^, has a hyperbolic 
cone structure. Observe that if e+ and e_ are chosen small enough, then n is well 
defined and unique. Also it is true that imii{n{x,y)\{x,y) G R^} — > oo, uniformly 
on {x,y), as e+ tends to 0. 

By construction of F, the cone- fields defined in ([4]), for some fixed a > are 
mapped to a couple of cone-fields K'^{a,z) and K'^{a,z), restricted to points in 
i?+ U R^ , and they are almost orthogonal. In the following we shall prove that 
these cones provide of a hyperbolic cone structure for T. 

Let Ug be the C^— linearization neighborhood of G. Let N < —1, Y > and 
R given in Lemma [S] Take any point z G i?+ . If e_|_ is small enough, then we 
have that there is an integer rti > such that F"i(z) G i? \ F{R). Perhaps 
considering a smaller e_|_, we can assume also that (z) e i? for j S {0, . . . , m} 

and for m large enough such that item (1) of Lemma [5] holds. Hence 

we have that for any vector v S D^G^'^^'^"^ {K'^{a; z))+ satisfies that: 

sl(i;) > ?7(m) > 0. 

In order to guarantee that this last cone lands inside some G"(z)), at 

R^, we need to verify it for F first. Observe that if we let e+ > to be small 
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enough then, for a fixed small e_, we have that for any z G i?+ the value 
h{x, y) — (m + \N\) > m* , for any given arbitrarily large m* > 0. 
Let {x, y) = (z). The derivative of D/^^ y-jF"', for any n e Z is 

""^^■y^^ -\ye'^{x) e„(x) 

where /i„ (x) — h{x,n) ande„(a;) — e{x,n). Givenavector (wi, W2) that sl^(fi, 1)2) > 
jj{m)-^ ^ A" then: 

sl^(i?(.,,)F-K,t;2)) - , 



' Cn^ix) ri{m)' 

Since 2/e^(x)wi > 0. Moreover, /ij„(x)/em(x) ^ A^^™, hence, there is to* > such 
that 

sl^(L'(^^y)F"^(wi,W2)) < ao < a- 
Therefore, we have for any z G i?+ that: 

D,T{K"{a,z)) = i?(,,^)F"(if"(a,z)) C C^(«o,^^"^) C 

It is not difficult to see that vectors inside the cone K^{a, •) are expanded by the 
derivative of T, for F. Finally, Lemma [?] allows us to extend these computations 
to the derivative of G. On the other hand, notice that the cone-field if" (a, •), on 
points is preserved (and vectors inside are expanded) by DT^^. In fact, the 
same computations for < A < 1 instead of A > 1, yield to this result. This finishes 
the proof of Proposition [T] □ 

A straightforward consequence of Lemma [1] and Proposition [1] is the following. 

Proposition 2. If f is a blow-up of a pseudo-Anosov map, there is M2 3 f , a 
C^ — neighborhood, such that any g G J\f, restricted to a neighborhood of a component 
of the boundary is a boundary map. 

It is important to mention that as a consequence of the proof of Proposition[l] a 
map G : Cr ^ Cr which is C^-close enough to F induces a map T : i?+ — > R~ which 
has a kind of Markov property: for any curve 7 crossing along the horizontal 
direction and whose tangent vectors are contained in the cone K"{a) is that T{'-f) 
crosses i?~ along the vertical direction. Moreover, the function fi : i?+ N induces 



IS 



a partition V+ = {Aj := h-^{t)\t G N} of R+ where the map T : R+ ^ R- 
continuous, and each is foliated by stable and unstable leaves which are actually 
contracted and expanded by T, and more, r(A^) crosses R~ along the vertical 
direction. 

3.3. Transitivity. Let {S,dS) be a surface with boundary of genus g > 1. Al- 
though the following construction can be performed for any number of connected 
components of dS, notation becomes simpler if we assume that dS has only one con- 
nected component, and we do so. Let Sq be the surface without boundary obtained 
after collapsing dS to a point a. The configuration {a,p) with p — 4:{g — 1) + 2 > 2 
satisfies (HJ of Theorem lU so there is a pseudo Anosov map fo : Sq ^ Sq with 
dilatation A > 1 and one p-prong singular point a. Moreover, we can assume that 
there is a hyperbolic fixed point w; ^ a, in Sq, whose stable and unstable manifolds 
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are dense. This is true, perhaps considering some iterate of fo instead, since there 
are plenty of hyperbohc periodic points. 

Let / e Diff °"{S, dS) be the blow-up of the pseudo-Anosov at {a}. We already 
know that this map is transitive, since we have not changed the orbit structure of 
the original pseudo-Anosov /q. Now we can give a proof of Theorem [3l 

Proof of Theorem\^ Let be a small neighborhood of dS on S*, and let g £ 
Ml n A/'2, from Lemma [2] and Proposition [2l The neighborhood W is the union oip 
sectors corresponding to the sectors between unstable prongs of /o landing at cr. 
Denote by C/ = 5 \ W. Observe that Lemma [2] guarantees that A = nnez5"(^) 
is a hyperbolic maximal invariant set of g. In fact, gj^ is transitive and Kg = Hg, 
where g e C/ is a hyperbolic fixed point of g. Proposition [2] states that on each 
sector Ti there are input and output sections {ei-\-^ri) and [ei-^ri) which 
satisfy the properties of a boundary map for T : R~ induced by g, where 

i?+ := Ui?^ and R~ := Ui?~. The input section i?+ is a finite union of rectangles. 
Without loose of generality, we can assume that the horizontal boundary of each Rf 
is given by pieces of the unstable manifold of g, and one of their vertical boundaries 
is given by the stable manifold of some a fixed point at the boundary. Analogously, 
the output section i?^ is a finite union of rectangles whose horizontal boundaries 
are given by pieces of the stable manifold of g and one of its vertical boundaries is 
given by the local unstable manifold of a fixed point of the boundary. 
Now, let A be any non-empty open set of S*, then we claim that the sets 

{j > I g\A) n i?+ 7^ 0} and {j > | .g"^(A) n i?" 7^ 0} 

are unbounded. To proof this claim for the former set, let us assume, by contra- 
diction, that g^{A) c U for all j > 0. This imphes that A cW^Ag). Hence, the 
Shadowing Lemma and the fact that / is transitive in Ag imply that there is a point 
zi G A and a sequence nj — > 00 such that ^"^ (zi) q. Moreover, W^*(g) n A 7^ 0. 
In fact, consider a small curve 7 through zi inside the unstable cone field K''^{a); 
expansion of vectors inside these cones guarantee that g"^ (7) crosses W{^^{q), for 
some fij. Now observe that Palis' Inclination Lemma guarantees that there are 
70 C 7 and m > such that g'^{jo) H i?+ 7^ 0. Recall that horizontal boundaries 
of _R+ are contained in compact pieces of the unstable manifold of g. Hence, there 
are points in A that escape from U, since i?+ C S \ U. This contradiction proves 
the claim. The same argument implies that the latter set is unbounded. 

Now we can prove that for any two not empty open sets A and B oi S, there is 
n G I' that g^{A) n i3 7^ 0. Without lost of generality, we can assume that both 
open sets are contained in U, since no open set remains all its iterates inside W. 
As a consequence of the previous claim, there is a point a G A that the forward 
orbit intersects i?"*" infinitely many times, so there is some ni > and there is 
a curve 'ju C A inside the cone field K'^{a), such that g^^i'ju) crosses _R+ along 
the horizontal direction. On the other hand, there is a point b G B such that 
its backward orbit intersects R~ infinitely many times. Hence, there is an integer 
712 > and a curve 7^ C B, inside the cone field if* (a), such that g~"'^(7s) crosses 
R^ along the horizontal direction. Finally, T{g^^{'yu)) is a vertical curve in i?^ 
and hence T{g"-^{ju)) H g~^^{js) 7^ 0, and we are done. □ 

Observe that the previous claim finished the proof of Theorem [3] and therefore 
Theorem [TJ To conclude Theorem \E\ observe that the proof of Theorem [3] implies 
that any forward (backward) iterate of an open set intersects transversely the stable 
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(unstable) manifold of the periodic point with orbit far from the boundary, and this 
implies that there are homoclinic points inside any open set. 

To conclude Theorem [5] observe that the presence of boundary immediately pre- 
vent the map to be globally hyperbolic and they can not have homoclinic tangencies 
since otherwise, its unfolding would create (generically) either sinks or repelling and 
therefore, the maps would not be robustly transitive. 
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